We report the Drude oscillator strength D and the magnitude of the bulk band gap E g of the epitaxially grown, topological insulator ðBi; SbÞ 2 Te 3 . The magnitude of E g , in conjunction with the model independent f-sum rule, allows us to establish an upper bound for the magnitude of D expected in a typical Dirac-like system composed of linear bands. The experimentally observed D is found to be at or below this theoretical upper bound, demonstrating the effectiveness of alloying in eliminating bulk charge carriers. Moreover, direct comparison of the measured D to magnetoresistance measurements of the same sample supports assignment of the observed low-energy conduction to topological surface states.
The prediction and discovery of Dirac-like gapless surface states (SSs) (see Fig. 1 ) at the interface between a topological insulator (TI) and a trivial insulator have vaulted TIs to the vanguard of condensed matter physics [1] . Surface probes such as angle resolved photoemission spectroscopy and scanning tunneling spectroscopy have been extremely successful in verifying and discovering novel phenomena associated with the SSs (e.g., Refs. [2] [3] [4] [5] ). However, progress in the field has been plagued by native defects, resulting in significant concentrations of bulk charge carriers. These bulk dopants inhibit isolation and utilization of SS phenomena [6] . In order to realize many of the novel scientific and technological advances that could blossom from the unique electronic, spin, and optical properties of SSs in TIs, it is paramount to eliminate the bulk dopants.
Two archetypal strong TIs (topological invariant ν 0 ¼ 1 [1]) that are known to suffer from materials issues related to bulk dopants are Bi 2 Te 3 and Sb 2 Te 3 . However, epitaxial films of Bi 2 Te 3 can be n-type bulk conductors [6, 7] , whereas Sb 2 Te 3 films are p-type bulk conductors [8] . Based on this observation, TI materials have been grown where the ratio Bi∶Sb in ðBi; SbÞ 2 Te 3 (BST) is tuned to produce a compensated material with bulk insulating properties [9] [10] [11] . Here, we prove, using optical spectroscopy, the acute effectiveness of alloying in reducing or eliminating bulk charge carriers. The advantage of our optical experiments is that they give direct access to the frequency dependent electrodynamic response of free carriers in a metal via the Drude peak. In our ðBi; SbÞ 2 Te 3 film we find the Drude oscillator strength D sufficiently low as to lie at or below the upper bound that is theoretically anticipated for an isolated Dirac SS Drude response (i.e., a Drude response with no bulk contribution) (see Table I ). These infrared data are complemented by the charge carrier density n and mobility μ from Hall effect measurements, as well as the magnetoresistance, which are all consistent with low-energy conduction arising from the topological SS.
We begin by describing the optical response of Dirac electrons in a strong TI, neglecting potential interband bulk → SS transitions (or vice versa) [15] . The simplest Dirac electron system is composed of linear bands (LB), without spin or valley degeneracy, where the dispersion is given by EðkÞ ¼ kv F , as illustrated schematically in Figs. 1(a) and 1(b). In this system, the total conductance G LB tot is the sum of an intraband G LB intra ðωÞ and an interband G LB inter ðωÞ component. When the Fermi energy E F is at the Dirac point, theory predicts that SS interband transitions give rise to a frequency independent conductance of G LB inter ¼ 1 8 ðπe 2 =hÞ [16] . However, the area of the Fermi surface is zero, yielding G LB intra ¼ 0. When E F is shifted away from the Dirac point, empty states suppress interband transitions at energies below 2jE F j, as illustrated in Fig. 1(b) , resulting in G LB inter ðωÞ ¼ 0 for ω < 2jE F j. Importantly, the f-sum rule [17] demands that the total spectral weight of the Dirac electrons R ∞ 0 G LB tot dω be conserved [18, 19] . Therefore, the loss of spectral weight in G LB inter ðωÞ must be compensated by a gain in G LB intra ðωÞ, leading to
It is customary to express the relationship between intraband spectral weight and Drude oscillator strength D s LB as
which implies the simple relationship between E F and D
The conductivity of the TI is dominated by the surface states, provided E F is located outside of the bulk bands. It is customary to measure E F relative to the Dirac point. Then, for p-type conductivity, E F , defined relative to the Dirac point, cannot lie within the bulk bands. Therefore, for p-type (n-type) SS conduction, the maximum value of D s LB , occurs when the Dirac point is at the conduction band minimum (valence band maximum), and E F is at the valence band maximum (conduction band minimum). Then, the energy that corresponds to the maximum value of E F is simply E g , with the maximum value of D Here, N S ¼ 2 since optical transmission probes two topological surfaces, i.e., the interface between the film and the vacuum, and that between the film and the substrate.
The straightforward relationship between D LB and E F in Eq. (3) is useful for estimating the Drude spectral weight that could arise from SSs, and for intuitively understanding the spectral weight transfer in TI systems. Importantly, the resilience of the f-sum rule to external parameters has been experimentally verified numerous times in a prototypical surface state conductor: graphene. Even with gating, where additional charge carriers are introduced, the f-sum rule is found to be correct within the experimental error bars [20] . The reason for this is that the dominant effect of gating is a redistribution of spectral weight, while the increase in carriers is a relatively small perturbation. Importantly, TI materials are often not well modeled by linear bands. Instead, significant hexagonal warping effects are observed in Bi 2 Te 3 and ðBi; SbÞ 2 Te 3 as well as asymmetry between the upper and lower portions of the Dirac cone [4, 9] . These combined effects modify the conductance from the constant value shown in Fig. 1(c) , and therefore change the value of D s for a given E F [16] . To more accurately estimate D s max , we have considered the optical response of a more realistic SS dispersion of a similarly doped sample [9, 16] . This additional analysis suggests that D s max could be enhanced by approximately 25%, depending on the sample in question [21] .
In light of the constraints on D imposed by the f-sum rules, we experimentally determined D and E g of ðBi; SbÞ 2 Te 3 through a combination of terahertz timedomain spectroscopy and Fourier transform infrared spectroscopy (FTIR). Details of the sample growth and experimental techniques are included in Ref. [21] . In Fig. 2(a) , we plot the frequency dependent conductance spectra GðωÞ [real part ofσðωÞ × thickness] of our ðBi; SbÞ 2 Te 3 film from 2-18 meV, the relevant energy scale for the Drude response. The most prominent feature at all temperatures is the narrow resonance centered near 6 meV, which is attributed to a phonon. There is another, weaker phonon resonance, slightly higher in energy, at roughly 8 meV. The assignment of these phonon modes is discussed in Ref. [21] At energies below these features, we observe a relatively flat but finite GðωÞ related to the Drude response.
To quantify the Drude oscillator strength D, we construct a Drude-Lorentz model to describe the conductance of the BST system: The results of Ref. [10] are from reflection based experiments, and thus only one topological surface is considered.
FIG. 1 (color online)
. Panels (a) and (b) show the band structure of a model TI, where the SS is composed of simple linear bands. The bulk band structure is also indicated by the dotted blue lines, consisting of two hole bands and an electron band. In (a) E F is at the Dirac point, while in (b) E F is 0.20 eV below the Dirac point, where the arrows in both panels schematically show the allowed transitions. In (a), interband transitions are allowed at all energies, giving rise to the conductance spectra shown in (c). When E F is shifted below the Dirac point, transitions cannot occur from the depopulated region. Thus, transitions are suppressed below 2jE F j, giving rise to the conductance spectra shown in (d).
where the first term describes the Drude response and the second term corresponds to Lorentzian resonances with amplitude A, width Γ, and center frequency ω 0 . A representative Drude-Lorentz model fit is shown in Fig. 2(b) for the 6 K spectrum. The Drude-Lorentz models and the corresponding data at higher temperatures are shown in Ref. [21] . To independently confirm the values of D obtained from the model, we also considered a multilayer model where the BST system consisted of two conducting surface layers and an insulating bulk [21] . The Drude oscillator strength attributed to these conducting surface layers was consistent with the value of D extracted from the measured GðωÞ spectra.
Above
ffiffiffi n p , for 2D Dirac states, the reduction in D indicates a reduction in charge carriers, consistent with thermal activation at higher temperatures.The charge carrier density n extracted from Hall effect measurements on this film indicates p-type conduction, as is typical of ðBi 1−x Sb x Þ 2 Te 3 systems [9, 11] , with thermal activation at T > 150 K [open red squares in Fig. 2(c)] . Moreover, the magnetoresistance data at 200 and 300 K, shown in the inset to Fig. 2(a) , show a nonlinear trend with magnetic field B, suggesting multiband transport, also consistent with the notion of thermally activated bulk states coexisting with SSs. Furthermore, since thermally activated charge carriers are not topologically protected, it is likely that their presence would yield a lower mobility (larger 1=τ). Therefore, the simultaneous decrease in D and 1=τ as the temperature is lowered, supports the notion that thermally activated charge carriers are frozen out, leaving only high mobility carriers. The Hall parameters n and μ for these high temperature data in Fig. 2 were fit only in the linear regime (−1 T < B < 1 T).
Below 150 K, D and 1=τ remain relatively constant near 0.13 meV and 2 THz, respectively. Importantly, our low temperature D value lies right at the threshold of D s LB;max AE 10% for ðBi; SbÞ 2 Te 3 , indicated by the light gray bar in Fig. 2(c) . This latter fact indicates that the measured Drude spectral weight is consistent with a SS dominated response. Moreover, the low temperature value of D is roughly 5 to 10 times lower than most of those previously reported for other representative TIs (see Table I ), with the exception of a recent report for Cu-doped Bi 2 Se 3 [14] . The next lowest experimentally measured D come from Bi 2 Se 3 [12] , in which the D values suggest E F is in the bulk conduction band. However, in this latter case, corrections to the Bi 2 Se 3 SS band structure mentioned earlier [12] and the persistence of 2D topological SSs to well above the conduction band minimum [35] do imply that D is consistent with a significant SS transport component in Bi 2 Se 3 .
To verify that the measured parameters D exp ¼ 0.13 meV and n exp 2D ¼ 1.3 × 10 13 cm −2 are consistent with surface dominated transport, we can compare our results to that expected from experimentally obtained SS dispersion of TI materials with a similar ðBi; SbÞ 2 Te 3 composition [9, 11] . For this comparison we will utilize Eq. (3) and the relationship between E F and the carrier density of a single surface (n SS ) [20] 
to directly relate E F , n SS , and D via
For direct comparison between transport and optics, we use n SS ¼ n exp 2D =2, assuming the carriers were divided between two surfaces and v 0 ¼ 3.8 × 10 5 m=s, consistent with both photoemission and transport measurements of p-type SS carriers [11, 36] . These values yield D s LB ¼ 0.13 meV, exactly reproducing our measured value. Moreover, this analysis corresponds to E F ¼ 0.22 eV, in close agreement with the measured E G of 0.206 eV, suggesting the optical response is close to the constraints imposed by the sum rule analysis. If the additional contribution to D from the bulk bands is taken into account, in the regime where E F ≈ E G , we recover our experimentally measured value of D when E F ¼ 0.211 eV. This analysis, which is detailed in Ref. [21] , suggests E F penetrates only up to 5 meV into the bulk bands, and bulk carriers constitute only 2% of the total n 2D . Hexagonal warping, and other modifications to the SS dispersion, discussed more in Ref. [21] , suggest that even smaller values of E F , where E F < E G , may reproduce the measured D and n exp 2D values. Alternatively, we considered the case that the optical response arises from the bulk valence bands. Prior work has shown that the bulk valence band structure in the ðBi; SbÞ 2 Te 3 system consists of a light hole band (LHB) and heavy hole band (HHB) [3, 37, 38] . The effective masses of the LHB and the HHB are 0.11m e and 1.0m e respectively, and the top of the HHB is approximately 30 meV below the LHB [37, 38] . To recover the correct value of D for this sample, E F would be 30 meV below the top of the LHB, However, this would yield an n 2D of 5 × 10 12 cm −2 , over a factor of 2 smaller than what was measured.
Prior experiments have also pointed out that conventional SSs may coexist with the topologically protected SS of a TI [35] . Typically, the conventional SSs appear as a result of band bending, and are close in energy to the bulk bands, and contribute to the conductivity when E F ≈ E G . Therefore, the large magnitude E F required to access the conventional SSs, combined with their additional metallic response, would likely push D well above the limit imposed by f-sum rule analysis. It is therefore unlikely that our measured response has a significant component from the conventional SSs.
Further evidence of a dominant topological SS contribution to the response of the ðBi; SbÞ 2 Te 3 system is identified in magnetoresistance measurements, plotted in the inset to Fig. 2 . At low temperature, the magnetoresistance data show linear behavior with B, indicative of single band transport. Moreover, the figure reveals weak antilocalization in (symmetrized) magnetoresistance measurements (i.e., the cusp at the low-B field in the 2 K data), which has been thought to be a hallmark signature of topological SS transport [39] . However, theoretical work has shown that antilocalization may occur even in systems with bulk dominated transport, and therefore, antilocalization by itself, cannot be considered conclusive evidence for surface states [40] . Despite this stipulation, the magnetoresistance data, in conjunction with the low value of D revealed from optics, are consistent with low temperature transport that is dominated by topologically protected SSs.
The picture that emerges from the comparison of transport, optics, and previously measured photoemission is that the Dirac point is near the bottom of the conduction band, with E F near the top of the valence band, as is illustrated in Fig. 1(b) . Likewise, we illustrate the bulk band structure consisting of two hole bands offset from the Γ point, with an electron band at the Γ point, as measured previously [9, 11, 38] . The relative positioning of E F , the Dirac point, and bulk bands that we propose has been observed in similar, albeit more highly doped, ðBi 1−x Sb x Þ 2 Te 3 thin films [11] . Indeed, the distance from the Dirac point to the top of the valence band, as well as v 0 in this latter work, is consistent with our measurements. It is important to note that photoemission measurements of similarly doped samples often show that the Dirac point is below E F [9] , in contrast to our measurement of p-type carriers. This discrepancy can be understood in light of the aging effects, often observed TI systems, which generally shift the Dirac point downward relative to E F . It is then likely that the capping layer of Se prevents the band bending, and the resulting accumulation layers, observed in other samples [35, 36] , yielding a response dominated by p-type SS carriers. Unfortunately, this same capping layer prevents direct verification of this hypothesis in our particular sample via photoemission.
The totality of our data clearly show that ðBi; SbÞ 2 Te 3 alloys are a promising vehicle for advancing the field of TIs. In particular, the Drude oscillator strength lies at the threshold of the SS response upper bound, demonstrating the effectiveness of the alloy in reducing or eliminating bulk charge carriers. Furthermore, comparison of Drude parameters from optics to transport parameters from the Hall effect, coupled with weak antilocalization observed in low-temperature magnetotransport, shows consistency with surface transport with v 0 ∼ 4 × 10 5 m=s, in accord with angle resolved photoemission spectroscopy results [11] . Therefore, our data imply that ðBi; SbÞ 2 Te 3 is an optimal candidate for isolating SS properties in further studies of keen interest, such as magneto-optical measurements [41] [42] [43] and electrostatic modification of SS charge carrier density in electric field effect devices [44] [45] [46] . 
